ABSTRACT. Several familiar results on representations of MV-algebras shape the idea that the use of solving systems of linear equations can be studied also in the setting of zero-cancellative commutative pomonoids. This paper investigates this idea and shows that for the class of linearly representable zero-cancellative commutative pomonoids the respective results apply as well.
Introduction
Di Nola's Representation Theorem describes MV-algebras as sub-algebras of algebras of functions with values into a non-standard ultrapower of the MV-algebra [0, 1] . Following Di Nola's work (see [7, 8] ), our (see [3] ) recent work in the MV-algebra setting and the work of Cignoli and Mundici (see [6] ) for totally ordered abelian groups reveals a simple method how to establish this (uniform) representation. This shapes the idea that our method could be used also for other structures than MV-algebras. It is the aim of this paper to examine this in the setting of zero-cancellative commutative pomonoids. In particular, we address the following questions:
(1) For which classes of zero-cancellative commutative pomonoids some kind of embedding finite parts of them into N 0 will work? (2) Having the Embedding Lemma at hand, is it possible to establish some (uniform) representation via N 0 (Q
Preliminaries

Zero-cancellative pomonoids
For basic facts about universal algebra we refer to [4] , about model theory to [5] and about linear programming to [15] . For definitions concerning operators on Hilbert spaces and related comments see [1] and [12] . Below we recall some details of specific relevance to this paper.
Ò Ø ÓÒ 1.1º
(1) A commutative pomonoid is a structure S = (S; +, 0; ≤), whose reduct (S; +, 0) is a commutative monoid where ≤ is a partial order of S for which + is isotone in both of its arguments. (2) A zero-cancellative pomonoid (shortly ZCP) is a commutative pomonoid S = (S; +, 0; ≤) such that (i) (∀x ∈ S)(0 ≤ x), (ii) (∀x, y ∈ S) (x ≤ y) ⇐⇒ (∃z ∈ S)(x + z = y) , (iii) (∀x, y ∈ S) (x + y = y =⇒ x = 0). Then (Lin D (H); +, 0; ≤) is a partially ordered commutative group (see [12] ) where 0 is the null operator, + is the usual sum of operators defined on D and ≤ is defined for all A, B ∈ Lin D (H) by A ≤ B iff B − A is positive.
REPRESENTATIONS OF ZERO-CANCELLATIVE POMONOIDS
Then (see [12, 14] ) (G D (H); ⊕, 0; ≤) (also called a generalized effect algebra of positive operators) is a CZCP where 0 is the null operator, ⊕ is the usual sum of operators defined on D. Moreover, G D (H) is linearly representable by [13] . Note that respective results hold also for the bounded variant.
One of the convincing arguments for treating (cancellative) ZCPs is that G D (H), which has an application in quantum logic, forms a cancellative ZCP.
Generalized finite embedding theorem
By an ultrafilter on a set I we mean an ultrafilter of the Boolean algebra P(I) of the subsets of I.
Let {A i | i ∈ I} be a system of algebras of the same type F for i ∈ I. We denote for any x, y ∈ i∈I A i the set
If F is a filter of P(I) then the relation θ F defined by
Any ultraproduct of an algebra A is called an ultrapower of A. The class of all ultraproducts (products, isomorphic images) of algebras from some class of algebras K is denoted by P U (K) (P(K), I(K)).
Ò Ø ÓÒ 1.2º Let A = (A, F) be a partial algebra and X ⊆ A. Denote the partial algebra A| X = (X, F), where for any f ∈ F n and all
Ò Ø ÓÒ 1.3º An algebra A = (A, F) satisfies the general finite embedding property for the class K or shortly GFEP (countable finite embedding property, shortly CFEP ) of algebras of the same type if for any finite subset X ⊆ A there are an (countable) algebra B ∈ K F in and an embedding ρ : A| X → B, i.e. an injective mapping ρ : X → B satisfying the property ρ(f 
Remark 1º
Let {S i | i ∈ I} be a collection of commutative pomonoids (ZCPs, CZCPs, LOZCPs), and let U be an ultrafilter on I. The ultraproduct
is again a commutative pomonoid (ZCP, CZCP, LOZCP).
Farkas' lemma
Let us recall the original formulation of Farkas' lemma [9, 15] on rationals:
Ì ÓÖ Ñ In what follows, we will use the following equivalent formulation: 
Remark 2º
Since the row vector λ ∈ Q m from Theorem 1.4 has non-negative rational components 
The Embedding Lemma
In this section, we use the Farkas' lemma on rationals to prove that any finite partial subalgebra of a linearly ordered ZCP can be embedded into N 0 and hence into the nonnegative rationals Q
We say that a row vector a ∈ N n 0 is admissible for X iff any subterm of the expression
Clearly, the set of all admissible vectors for X is finite. Let
REPRESENTATIONS OF ZERO-CANCELLATIVE POMONOIDS
Thus Adm(X) is finite and we may write Adm(X) = {(a 
Let E n be the identity matrix of order n and let 0 n×n be the zero matrix of order n. Let us denote by ( * ) the following system of linear inequalities with variables z 1 , . . . , z n over rationals:
Then by Farkas' lemma (see Theorem 1.4) for rationals the systems of inequalities ( * ) does not have a solution in Q n if and only if there is a row vector
Assume that the vector λ ∈ Z n+2m satisfying ( * * ) exists. Hence there is an index 1 ≤ j 0 ≤ n such λ j 0 ≥ 1.
We then have
Then we obtain from * * * * that y = y + n i=1 λ j x j . Since S is zero-cancellative,
λ j x j = 0, a contradiction.
It follows that the system ( * ) has a rational valued solution (r 1 , . . . , r n ) and from ( * ) it clearly follows that the solution is positive (more precisely r = (r 1 , . . . , r n ) ≥ 1 n ). By the same arguments as in Remark 2, we get that system ( * ) has a solution (q 1 , . . . , q n ) ∈ N n . We define the mapping s : X ∪ {0} −→ N 0 by the following prescription:
The mapping s evidently satisfies the conditions (1)- (3) 
Evidently, X ⊆ Y . Moreover, let s : Y ∪ {0} −→ N 0 be the respective mapping for the set Y from Lemma 2.1. Let f = s| X be the restriction of the mapping s on the set X. Clearly, f is an injective morphism of partial ZCPs. Namely, let f (x) = f (y) for some x, y ∈ X. Assume first that x ≤ y. Then there is z ∈ Y ∪ {0} such that x + z = y. It follows that s(x) + s(z) = s(y), i.e., s(z) = 0. Therefore z = 0 which yields x = y. The case y ≤ x goes the same way.
A similar argument shows that f preserves order and partial operation +.
Variants of Di Nola's Theorem for LRZCPs
In this section, we are going to show some variants Di Nola's representation Theorem for linearly representable ZCPs and its several variants not only via the cancellative ZCP of natural numbers but also via nonnegative rationals (reals).
To prove it, we use the Embedding Lemma obtained in the previous section. First, we establish the CFEP both for linearly ordered and linearly representable ZCPs.
Ì ÓÖ Ñ 3.1º
(1) The class LOZCP of linearly ordered ZCPs has the CFEP. 
Uniform Representation of linearly representable ZCPs by regular ultrapowers
This paragraph starts with a general finite α-embedding theorem which is necessary for proving the uniform variants of Di Nola's theorem for linearly representable ZCPs. At first we recall some definitions and then Theorem 4.1 which is taken from [3] . S i F . Moreover, we have an injective mapping e S :
This yields an embedding g :
given as follows:
The composition of g • h gives us the required embedding. Remark 4º Note first that, for a given infinite cardinal α, Keisler (see [11] ) has shown (in a more general form) that if U is regular and κ is an infinite cardinal such that I is taken as in Theorem 4.3, then card 
Conclusion
Our questions (1) and (2) 
